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The set of superkets {|A,)} is a basis (in superket space) if it satisfies the orthonor-
mality and closure relations, respectively

{Ai|4;}=6;  end STAn Al = 1, (23)

An important particular type of transformation of operators consists in taking any
operator B in a sandwich between operators A and C, leading to the new operator F' =
ABC'. The superoperator counterpart of this can be written as

F) =

ABC) =D|B) where D=AxC, (24)

where the decomposable superoperator D is composed of the operators A and C.
With this notation, the usual Von Neumann equation of motion (hdp(7)/0r =
[H(7), p(7)] can be written as

ih %1[)(7)2 = L(r)|p(r)y  where  L(r) = (H(r) x L) — (L x H(1)), (25)

where £(7) is called the Liouvillian. The interaction representation transformation (4)
now takes the form

|A(T)) = VI(1)|A(r)), where V(1) =V(r)x VI(r) (26)

and V(1) = exp(—iwp 7 I,), and the motion in the absence of rf irradiation is described
by obvious extensions of (6) and (19):

l[)(’/"__)>S = U(Tz,’ri)lp(’rz»s where U(Tg,’l’l) = U(T2,71) X U(Tl,’rg). (27)

Using a similar notation for the rotation operators, we can write expression (15) for (1 )
under the form

<I—F> = —Ozs<1"+T ‘H(tz-l—tﬁfmt|+T()+)7é(trl-’Tn-|,,tl-lJr()_)Z:((tl-i“To_,T()+)$(f+ -+ f_)>s, (28)

where the date now increases systematically towards the future when the formula is read
from right to left, and the evolution during each time interval is completely described by
a single superoperator.

[I1.2.2 Diagrams for superoperators.

The formal expression (28) can be cvaluated by inserting closure relaticns (23) on both
sides of each superoperator:

(I) = =ad | (LA A (trttrtro, tirbmo )| 45045 R (rbros, bt )| Ai)
2,7,k,1

XS<AklZ:/(t1+’T()__,T()+)'A!2Q<A1|(f+ + I___)>S (29)

If the basis superkets ’Aiz are chosen to be eigensuperkets of the Liouvillian £, they are
also eigensuperkets of the evolution superoperator &, hence the terms in (29) will differ
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Fig. 3. — Superoperator diagrams. The notation is that of equation (29) in the particular case of
a level-shift basis constructed with the eigenstates of the Hamiltonian. The horizontal lines are
labeled by the superprojectors which appear in the closure relation (23) for superkets. The left-
right ordering in these diagrams is exactly the same as the typographical order in equation (29).
This figure shows the contribution to (I} for which the left part of Figure 2 gives an operator
diagram.

from zero only if ¢+ = 3 and k£ = [, considerably simplifying the expression. In the present
case, a suitable basis (in superket space) can be constructed with the set of level-shift
operators {|a)b|} of the ket basis (3) which diagonalizes the Hamiltonian. The superket
basis {||a)bl) (for all a and b)} diagonalizes the Liouvillian (25),

L{|aXbl) = ~{wa — wp)]|a)bl), (30)

and the evolution superoperator U,
U(Tz, Tl)l]axb}z — e——i(wu—wb)(‘rz—'rl) HGXbIZ’ (31)

as can be checked easily using the following general property of all superket bases con-
structed with level-shift operators (see for instance Ref. [6]):

{la)ol| (A x B)|leXdl), = (alA]c){d]B|b). (32)

One term of the summation (29), obtained with this superket basis, is shown in the
top part of Figure 3 and in the right part of Figure 2. With the help of the figures and
of the above expressions, one can casily verify the equivalence of expressions obtained
with the ket-bra-... and with the superket-superbra-... formalisms for problems in which
relaxation is ignored. As a further example of the use of superoperator diagrams, Figure
4 shows a more complete description of two-pulse experiments, in which the two pulses
are treated explicitly and the initial condition is described in terms of populations of the
eigenstates of the Hamiltonian.
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Fig. 4. — Superoperator diagrams drawn with the same conventions as in Figure 3. This figure
gives a more complete representation of a two-pulse experiment, starting with thermal equilibrium
for 7 <1y, and describing the two pulses Rq at date 7 and R at date ¢,+7q. The diagrams show
the contributions, arising from the equilibrium populations of the eigenstates b, ¢ and d of the
Hamiltonian, respectively to the left diagram of Figure 1 (top) and to the right diagram of Figure
1 (bottom).

However, in any attempt to take relaxation into account, the use of a superoperator
formalism is not a matter of elegance or personal preference any more, but one of ne-
cessity. Under these circumstances, the convenient bases in superket space are usually
not constructed from level shift operators, the corresponding expressions do not have
simple equivalents in terms of kets, bras and operators, but superoperator diagrams can
still be useful to organize and visualize the calculations.
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