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Fig. 2. - Improved diagram representations of one non-zero term in the first summation in equa­
tion (16). The horizontal coordinate now corresponds to time (i.e. date) , running from right to 
left to match the usual typography. The diagram on the left is for the usual kct-bra-operator for­
malism, the direction around the loop still corresponds to reading equations (16) or (21) from 
right to left. The relation between the ordering of states and dates in this diagram and in equation 
(21) is the following: (e!D(T2 , T 1)1!) is represented in the diagram by a segment along 'Nhich one 
goes from f towards e and from TJ towards T2 when moving in the direction shown by the arrow(s) 
(irrespective of whether TJ is earlier or later than T2 ). The same convention holds for the oper­
ators R. With this convention, it is no longer necessary to explicitly indicate the date arguments 
of the operators in the diagram. The right part of the figure suggests a way of grouping the two 
versions of each evolution operator corresponding to the same pair of dates, and gives hints about 
the corresponding superoperator notation (sec also Fig. 3). 

Linear transformations of_superkets will be described as superoperators, and denoted 
here by script symbols, e.g. U, R or£, with the exception of the unit superoperator ls. 
The action of a superoperator on a superbra is defined by requiring that 

= for any A an<l B. 
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The set of superkets { IAi~} is a basis (in superket space) if it satisfies the orthonor­
mality and closure relations, respectively 

and (23) 
i 

An important particular type of transformation of operators consists in taking any 
operator Bin a sandwich between operators A and C, leading to the new operator F = 
ABC. The superoperator counterpart of this can be written as 

IF~= IABC~ =VIE~ where 'D =Ax C, (24) 

where the decomposable superoperator 'Dis composed of the operators A and C. 
With this notation, the usual Von Neumann equation of motion 'iliop(T) /OT 

[H(T), p(T)] can be written as 

?Ji :T !P(T)k = C(r)jp(T)~ where £(T) = (H(r) X ls) - (ls X H(T)), (25) 

where .C( T) is called the Liouvillian. The interaction representation transformation ( 4) 
now takes the form 

(26) 

and V ( T) = exp( -i wo TI z ), and the motion in the absence of rf irradiation is described 
by obvious extensions of (6) and (19): 

Using a similar notation for the rotation operators, we can write expression (15) for (l+) 
under the form 

where the date now increases systematically towards the future when the formula is read 
from right to left, and the evolution during each time interval is completely described by 
a single superoperator. 

III.2.2 Diagrams for superoperators. 

The formal expression (28) can be ~valuated by inserting closure relations (23) on both 
sides of each superoperator: 

i,_j,k,l 

(29) 

If the basis superkets jAi~ are chosen to be eigensuperkets of the Liouvillian £,they are 
also eigensuperkets of the evolution superoperator U, hence the terms in (29) will differ 
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Fig. 3. - Superoperator diagrams. 111e notation is that of equation (29) in the particular case of 
a level-shift basis constructed with the eigenstates of the Hamiltonian. The horizontal lines are 
labeled by the superprojectors which appear in the closure relation (23) for superkets. The left­
right ordering in these diagrams is exactly the same as the typographical order in equation (29). 
This figure shows the co.ntribution to (I+) for which the left part of Figure 2 gives an operator 
diagram. 

from zero only if i = j and k = l, considerably simplifying the expression. In the present 
case, a suitable basis (in superket space) can be constructed with the set of level-shift 
operators { la)(bl} of the ket basis (3) which diagonalizes the Hamiltonian. The superket 
basis { j !a)(bl~ (for all a and b)} diagonalizes the Liouvillian (25), 

£I !a)(bl k = h(wcL - w1,) ! la)( bi~' (30) 

and the evolution superoperator U, 

(31) 

as can be checked easily using the following general property of all superket bases con­
structed with level-shift operators (see for instance Ref. [6]): 

s\la)(bll (Ax B) llc)(dl~ = (a!Alc){dlBlb). (32) 

One term of the summation (29), obtained with this superket basis, is shown in the 
top part of Figure 3 and in the right part of Figure 2. With the help of the figures and 
of the above expressions, one can easily verify the equivalence of expressions obtained 
with the ket-bra-... and with the superket-superbra-... formalisms for problems in which 
relaxation is ignored. As a further example of the use of superoperator diagrams, Figure 
4 shows a more complete description of two-pulse experiments, in which the two pulses 
are treated explicitly and the initial condition is described in terms of populations of the 
eigenstates of the Hamiltonian. 



THE UNPUBUSHED BASKO POLJE (1971) LECTURE NOTES 

---

s(I+ I 

-

j 

) 

t 
s(I+ \ 

--- ---. .. 

_) 

l 

I 

-~· · 

" u 

u 

_) 

\ 

I 

) 

( ' 
R1 ?) 

~ 

I ""\ 

I R1 a 
\ 
\ 
\ 
\ 

' 

_) 

\ 

_) 

( ) 

7lo 

~ 
\\ 
\ 

I ""\ 

'Ro 

J 
II 
!Y 

equil. 

equil. 
-·· 

date ...,..<------+----+--- ----+---·t­

t2+t1+ro l1+ro+ l1+ro- TO-

I ia)(blb(la)(bj I 
I lc)(dl t\lc)(dl I 
\ lb)(bl k\ lb)(bl \ 

I Jc)( cl l/ !c)(cl I 
l id)(dl~s\ld)(dl I 
\ ld)(clt(ld)(cl \ 

\ la)(blb( la)( bi\ 

\ ic)(dl~lc)(dl J 

\ lb)(blt\lb)(bl I 
jlc)(clb(lc)(cl I 

277 

\ ld)(dlb(ld)(dl I 
JI d)( cl ~s\ I cl)( cl\ 

Fig. 4. - Superoperator diagrams drawn with the same conventions as in Figure 3. This figure 

gives a more complete representation of a two-pulse experiment, starting with thermal equilibrium 

for T <To- , and describing the two pulses Ru at date To and 'l<-1 at date t 1 +To. The diagrams show 

the contributions, arising from the equilibrium populations of the eigenstates b, c and d of the 

Hamiltonian, respectively to the left diagr.am of Figure 1 (top) and to the right diagram of Figure 

1 (bottom). 

However, in any attempt to take relaxation into accouat, the use of a superoperator 
formalism is not a matter of elegance or personal preference any more, but one of ne­
cessity. Under these circumstances, the convenient bases in superket space are usually 
not constructed from level shift operators, the corresponding expressions do not have 
simple equivalents in terms of kets, bras and operators, but superoperator diagrams can 
still be useful to organize and visualize the calculations. 
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